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■ Abstract 

We study lower-dimensional superstrings in the double-spinor formalism intro- 
duced by Aisaka and Kazama. These superstrings can be consistently quantized and 
are equivalent to the lower- dimensional pure-spinor superstrings proposed by Grassi 
and Wyllard. The unexpected physical spectrum of the pure-spinor superstrings may 
thus be regarded as a manifestation of noncriticality. We also discuss how to couple 
these covariant superstrings to the compactified degrees of freedom described by the 
N = 2 superconformal field theory. 
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§1. Introduction 

The pure-spinor (PS) formalism, proposed by Berkovits, allows quantization of super- 
strings in a manner that preserves the manifest super-Poincare covariance.^-' Defined basi- 
cally as a free conformal field theory (CFT), it provides a powerful framework for computing 
multipoint/multiloop amplitudes and for studying superstrings in RR backgrounds, which 
cannot be realized with other formalisms. 

One of the unsolved problems of the PS formalism is to elucidate how the concept of "crit- 
icality" can be understood in this framework. In the RNS formalism, the critical dimension 
is that in which conformal anomalies cancel and the BRST charge becomes nilpotent, while 
in the light-cone Green-Schwarz (GS) formalism, this is the only dimension in which the 
global Lorentz invariance is unbroken. By contrast, the lower-dimensional versions of the 
PS formalism have been constructed^-*'^^ by simply anticipating analogous free CFTs with 
some plausible "pure spinor" conditions^ iii which the BRST charge is exactly nilpotent 
and the Lorentz algebra has no anomaly. Therefore, they seem to be consistent theories, 
even quantum mechanically, although they also have some unexpected features such as the 
appearance of an off-shell vector multiplet in the open string spectrum at the lowest level. 
Like the original PS formalism, these theories are not based on Lagrangians, and this makes 
it difficult to understand their fundamental nature, and whether or not (and if so how) they 
are related to lower- dimensional (non-critical) superstrings in other formalisms. 

Recently, a Lagrangian formulation of the {D = 10) PS superstring was proposed by 
Aisaka and Kazama.^'-' A special feature of their formulation is that it involves, in addition to 
the ordinary superspace coordinates (X^, 6"') in the GS superstring, another fermionic field, 
6°'. The Lagrangian of this double-spinor (DS) formalism possesses world-sheet reparametriza- 
tion invariance, a manifest space-time super Poincare symmetry and a new local fermionic 
symmetry, which can be used to gauge away one of the fermionic fields. Since the La- 
grangian of the DS formalism is reduced to the original GS Lagrangian by setting 6°' to 
zero, this guarantees, at least classically, the equivalence of the DS superstring and the GS 
superstring. 

The DS superstring can be quantized without difficulty using the conventional canonical 
BRST method. Surprisingly, the authors of 4) have shown that fields which have nontrivial 
Dirac brackets can be redefined in such a way that all of them become free fields. Therefore, 
the quantized theory can be described by a simple conformal field theory represented by the 
free fields. It is also proved in 4) that the physical spectrum of this DS superstring coincides 
with that of the PS superstring. 



It should be noted that this is in fact not the pure-spinor condition in lower dimensions. 
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In this paper, to gain a better understanding of the mysterious features of the lower- 
dimensional PS superstrings, we study the corresponding lower-dimensional (actually d = 4 
and d = 6) DS superstrings. The equivalence to the lower-dimensional GS superstrings 
is manifest for the same reason as in the ten-dimensional case. We show that the lower- 
dimensional DS superstrings are also equivalent to the lower-dimensional PS superstrings. 
Therefore, it is suggested that the unexpected physical spectrum of the PS superstrings 
can be interpreted as a manifestation of "noncriticality" in the PS formalism. Then we 
search for a possible method for coupling these theories to the degrees of freedom of some 
compactified spaces, which we call the Calabi-Yau (CY) sector. It is well known that such 
degrees of freedom can be described by unitary representations of the N = 2 superconformal 
field theory with c = 9 (6) for d = 4 (6). We attempt to combine these two sectors in two 
different manners. Unfortunately, however, the spectrum in the resultant combined system 
is a tensor product of the physical spectrum of two sectors and thus is not an expected 
on-shell spectrum. 

The paper is organized as follows. In ^ we briefly review the d = 4 and (i = 6 PS 
superstrings^'*'^'' deflned by naive extensions of the ten-dimensional PS superstring. It is 
shown that the BRST charges are nilpotent without anomaly, but the lowest-level physical 
state is an off-shell vector multiplet. The four- dimensional superstring in the DS formalism 
is studied in ^ It is possible to carry out the quantization in a manner parallel to that 
for the ten-dimensional case. The physical spectrum is shown to be equivalent to the PS 
formalism in four dimensions. A similar argument for the six-dimensional case is given in 
^ The coupling to the degrees of freedom of the compactifled space is discussed in ^ 
We attempt to apply two different methods for combining the two sectors, but the physical 
spectrum is simply given by tensor products of the unexpected, off-shell, spectrum of the 
lower-dimensional superstring with the (anti-)chiral ring of the CY sector. Finally, in ^ 
we summarize our results and discuss some remaining problems. The appendix contains a 
summary of our notation and spinor conventions. 

§2. PS formalism in lower dimensions 

As in D = 10, the lower-dimensional PS superstring is deflned by free flelds describing a 
map from the world-sheet to the target superspace. The bosonic coordinates X'^{z) satisfy 
the free fleld operator producln 

X^'{z)X''{w) ^r]f"'log{z-w), (2-1) 



*^ In this section, we concentrate only on the holomorphic sector, or open strings. It is easy to combine 
this sector with the anti-holomorphic sector to get closed strings. 
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where /i, = 0, 1, ■ ■ ■ , — 1. The fermionic coordinates are described by a first-order form 
of conformal dimension (1,0), whose exphcit expression depends strongly on the space-time 
dimensionahty. The spinor conventions and the notation used in this paper are summarized 
in the appendix \M 

2.1. Four- dimensional PS superstring 

As is well known, the fermionic coordinates of four-dimensional superspace consist of a 
pair of complex conjugate Weyl spinors, 6*° and Introducing their conjugate fields, pa 
and we assume the free field operator products 

e'^{z)pp{w) ~ nz)pp{w) ~ (2-2) 

z — w ^ z — w 

We assign 0" and 6'^ conformal dimension and pa and pa conformal dimension 1. In 
addition to these fields, we also introduce the bosonic spinor fields A" and A" satisfying the 
pure-spinor constraint 

Afx^A = 0. (2-3) 
Using these pure-spinor fields, the BRST charge is defined by 

Qps = {>^'"da + A"4) . (2-4) 

Here da and da are the currents corresponding to the super-covariant derivatives 

da =Pa - tdX^\a^fi)a " ^ {{Oa'^de) - {dOa^e)) {a^e)a, (2-5a) 
da =Pa - idX^(Qa^)a - \ {{Ba^dQ) - {dBa^Q)) (^a^)^, (2-5b) 



which satisfy 



da\z)da\w) , (2-6) 

z — w 



with 

vr'^ = idX^ + [Bo^dB) - [dBo^Q). (2-7) 

The BRST charge Qps is nilpotent, due to the pure-spinor constraint (l2-3p . even at the 
quantum level. The physical states are defined as the cohomology of this BRST charge. 
However, it possesses a rather unexpected spectrum, because the on-shell condition is not 
imposed. For example, the lowest-level vertex operator with ghost number 1, which is 
expected to involve the physical state, has the form 

w = x'Aa{x,e,e)^x'Aa[x,e,e), (2-8) 
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where Aa and are conventional superfields of zero-modes {x'^ , 9^^ , 9°') . Then the BRST 
invariance {Q, W} = imphes the conditions 

D^^Af,){x,9,9)^0, (2-9a) 
D^^A^^{x,9,9)^0, (2-9b) 
Do^Ac^ix, 9, 9) + D^A^{x, 9, 9) + 2i{a^')aaA^{x, 9, 9) = 0, (2-9c) 

with an arbitrary superfield A^. These are the well-known torsion constraints^^ and can be 
solved in terms of a real superfield V{x, 9, 9) as 

A^ = zD^V, A^ = -zD^V, A^ = D^]V, (2-10) 

up to BRST exact pieces. There are no further restrictions, and thus the lowest-level physical 
states constitute an off-shell vector multiplet. 

2.2. Six-dimensional PS superstring 

The fermionic coordinates of six- dimensional superspace are SU (2)-Majorana-Weyl (MW) 
spinors 9f (/ = 1,2). The free field operator product with the conjugate field is 



9nz)pi{w) ^ (2-11) 



We assign 9f and conformal dimension and 1, respectively. The bosonic pure-spinors 
satisfy 

XiC-f^'X^ = 0. (2-12) 

Then the BRST charge is defined by 

Qps^f^Ajdl (2-13) 
which is also nilpotent quantum mechanically, since the operator product relations 

hold between the super-covariant currents 



di + idX'^{Cj^9% + ^{9''Cr^9K){CJ^^9%, (2-15a) 
tt" ^idX" + {9^C-i^'d9K). (2-15b) 
The lowest-level vertex operator with ghost number 1 in six dimensions is now given by 

W^XiAi{x,9:), (2-16) 
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where Aa is a superfield of the zero-modes (a;^, 6*"). The BRST invariance {Q, W} = yields 
the conditions 

D{iA^] = 0, (2-17a) 
L>7[«4] + 2i{Cr)apA^ = 0, (2-17b) 

with an arbitrary superfield A^. These six-dimensional torsion constraints can also be solved 
similarly to those in the four-dimensional case.^^'^^ The lowest-level physical states are 
therefore also given by a six- dimensional off-shell vector multiplet. 

§3. DS formalism in four dimensions 

The Lagrangian formulation of the PS superstring is given in 4). This formulation can 
be easily extended to the lower-dimensional case. 

3.1. Lagrangian, symmetries and constraints 

The four-dimensional superstring in the DS formalism is defined by using the super- 
space coordinates {x^ , O"^"" , O"^"") and the additional fermionic fields (9^", 9^°') (A=l,2). The 
Lagrangian is then given by 

C ^Ck + l^wz^ (3-la) 

Ck = ~ ^V^g^'ni^n^t, (3-ib) 



Cwz ^e'^'n^iW^t, - W^b) - e'^'W^W^,, (3-lc) 



where 



^daX^" - J2 ida{0^(y^O^ - 9^(7^9^) - J2 ^a^^ (3-2) 

A=l A=l 

W^^ =ie'^(x^'daO^ - idaO^af'O^, (3-3) 
0^ ^9^ - 9^, e^^§^- 9^. (3-4) 

We use the same notation as in Ref. 4); for example, Wl*^ — W^, W^^ — W^, etc. This 
Lagrangian is invariant under the world-sheet reparametrization and the space-time Poincare 
transformation, where the space-time supersymmetry transformation is defined by 

=e^, f9^ = e^, (3-5a) 
59"^ =0, 59^ = 0, (3-5b) 
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SX^" = Y^i{e^a^'9'^ - 9^a^'e^). (3-5c) 



A=l 
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The additional fermionic fields are inert under this supersymmetry. 

The Lagrangian has another important symmetry, the local supersymmetry, given by 



69^ =X^, 69^ = x^, (3-6a) 

=x^, = x^, (3-6b) 

2 

6X^ = ^ zix^a^O"" - 0\^x^), (3-6c) 

A=l 

which guarantees the equivalence to the conventional Green- Schwarz formalism. Using this 

local symmetry, we can set the additional fermionic fields as 9^° = 9"^" = 0. Then, the 
Lagrangian (13- II) becomes that of the Green-Schwarz formalism/-' 

Let us consider the canonical quantization of the Lagrangian (13-ip . First, the canonical 
conjugate of can be computed as 

K = -^/^g^'n^b + w^, - w,,. (3-7) 

Then, computing the canonical conjugates k^, k^, k^ and k^ of the fermionic fields 9^", 9^°", 9^°^ 
and we obtain the primary constraints 





= kt + l{0^)e. 


+ ^[k^^ + r^^[^^ + wf)){a,e^] 


la ~ 0, 


(3-8a) 


K 


=kt + l{9^^)^ 


+ r{k^ + ^^{n^^+wf)){0^a,] 


la ~ 0, 


(3-8b) 




= kt-l{P^)^ 




)a ~0, 


(3-8c) 


Dt 


=ki-i{9^f,)^ 


-2(F + r7^(i7r + <^))(0V^; 


)a~0. 


(3-8d) 



where rji = —t]2 = 1 and A = 2(1) for A = 1(2). For later use, it is convenient to define 
Using the ADM decomposition 

we obtain the Hamiltonian as 

n ~l ({k, - w^, + iy^i)(P - wi" + wi:) + n^n,,) 



+ N\k^ - W^i + iy^i)i7f + 9^''Dt + + ~9^''bt + , 

;^To + N^T^ + ^^"D^ + l^'^Dt + + I'^'^b^ (3-10) 

77 
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where the energy-momentum tensors are given by 

T^=]^{T, + T{) = -^mn,, (3-lla) 
T_=^(To-Ti) = ^77^77^, (3-llb) 

with 

=P - VTf + #f + ilf, 

=F + X'^ - ^ - d^a^'e^y - 2Wi;, (3-12a) 

A 

=A;^ - X'^' + ^ - d^a^'d^y + 2#f. (3-12b) 

A 

Next we set the canonical Poisson brackets as 



{X^(a),ri 


>')}p 






(3-13a) 




y)}p 


= - 5^^5p{a - 




(3-13b) 




W)}p 


= - 5^^5pia - 




(3-13c) 




>')}p 


= - b^^b'^pbia - 




(3-13d) 


{l^^{a),~kp 


>')}p 


= - b^^b^bia - 


a'y 


(3-13e) 



As in the ten-dimensional case,^^ the algebra of constraints can be separated into left (A = 1, 
or un-hatted) and right {A = 2, or hatted) sectors, although the generators include both 
un-hatted and hatted fields. Thus, for simplicity, we hereafter concentrate on the left sector. 
Using the canonical Poisson brackets fl3-13l) . we can compute the Poisson brackets among 
the fermionic constraint generators {Aa, A^, Da, Da) as 

{Daia),DaicT')}p=2tn^{a){a^)aabia-a'), (3-14) 

with all others vanishing. 

In addition to these fermionic constraints, we also obtain the Virasoro constraint, T+ ^ 0, 
for the left sector, from the Hamiltonian fl3-10l) as the secondary constraint. It is convenient 
to define the total energy-momentum tensor 

T = ^il^il^ + O'^'Da + 0"^Da + e'^Aa + ^Aa, (3-15) 

by adding the fermion contributions, which are also weakly vanishing, due to the constraint 
fl3-8l) . The Poisson bracket of this tensor is that of the Virasoro algebra: 

{T{a),T{a')}p = 2T{a)b'{a - a') + T'{a)b{a - a'). (3-16) 
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Now, let us study the constraint algebra f l3-14p . Due to the Virasoro constraints T+ ^ 0, 
this implies that half of the constraints Da ~ and Dq, ~ are first class and the half 
are second class. As is well known, these constraints cannot be separated covariantly, and 
therefore we use the light-cone decomposition. The Poisson bracket 

{D,{a), bi{a')}p = 2tn+{a)6{a - a') (3-17) 

shows that the first components Di and generate the second-class constraints. The other 
half of the constraints come from the K-symmetry generated by 

K=D2-^D,, (3-18a) 

K=b,-^bi, (3-18b) 

where U = + iU^ and 11 = — iU^. These are first class, because they satisfy the 
relations 

{K{a), K{a')}p = 8i{r + IC){a)6'{a - a') + (Z)i, f)i)-terms, (3-19) 

where 

T~, (3-20a) 
]C = - ^{O'^K + 0'^K). (3-20b) 

These relations are closed up to (Di, Z)j)-terms, which are proportional to the second-class 
constraints Di ^ and Di ^ and can be set to zero after calculating the Dirac bracket. 
This is also consistent with the fact that the second-class constraints are transformed into 
themselves under this symmetry generated by the first-class constraints: 

{K{a), bi{a')}p =8t^e'^D,{a)6{a - a'), (3-21a) 

{K{a),b^{a')}p=0, (3-21b) 
{K{a),Di{a')}p=0, (3-21c) 

{K{a), b^{a')}p =8z^e"bi{a)6{a - a'). (3-21d) 

The above decomposition of the constraints explicitly breaks the manifest Lorentz invari- 
ance. This breaking is, however, restricted to the sector of the additional fermionic fields, 
and therefore the space-time supersymmetry defined by fl3-5p can be linearly realized. 

If we choose the semi-light-cone gauge, defined by 

^2 ~ ^2 ^ ^3.22) 
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to fix the K-symmetry, all the constraints (f)^ ^ with (f)^ = {Di, Di, K, K ,6^,9'^) become 
second class. We can take account of these second-class constraints by computing the Dirac 
bracket 

{A{a),B{a')}n ={A{a), B{a')}p 

- I da,{A{a),D^{a^)}p^{a^){Di{a,),B{a')}p 

- J da,{A{a), Di{a,)}p^{a,){D,{a,), B{a')}p 
+ Sij dai{A{a),9\ai)}pT{a,){§\a,),B{a')}p 

+ SiJ da^{A{a),§\a^)}pr{a,){e\a,),B{a')}p 
+ J dai{A{a),9'{ai)}p{K{ai),B{a')}p 
+ J da,{A(a),K(ai)}p{e'(ai),B(a')}p 
+ j da,{A{^),~0\(yi)}p{K{a^),B{a')}p 

+ j daM{a),K{ai)]p{l\ar),B{a')]p. (3-23) 

In this semi-light-cone gauge, the independent fields are {9^,9^,X^^,ki^,9°',ka,0°',ka), 
which satisfy the Dirac brackets 

{9\a), §\a')}n =^(^)^(^ - ^'), (3-24a) 

{X^{a)J\a')}n = - ^(^>)i(^)5(a - a% (3-24b) 

{X'^ia), 9\a')}n = - ^{a''§h{a)S{a - a'), (3-24c) 

{X>^{a),X'^{a')}n =^ - (^'OlC^'^^li) - (3-24d) 

((^>)i(a'^0)i - (0a'^)i((7'^li)) {a)5'{a - a'), (3-24e) 



277+ 



{P^{a), k%a')}n = - 'fa - {Oani{a^O),) {a)S'{a - a')^ , (3-24f) 

{9\a), k'^{a')}n = - ^{Oa'^W)5\a - a'), (3.24g) 
{9\a), k'^{a')}n = - ^(<7^0)i(^)5'(<7 - a'). (3-24h) 
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These can be rewritten in simpler forms in the constraint plane defined hy 6^ = 6^ = 0. The 
non-trivial Dirac brackets are, for example, 

{§\a), §\a')}u - ^'), (3-25a) 

9\a')}n = - ^e\a)dia - a'), (3-25b) 

{X-{a),e\a')}u = - ^e\a)5ia - a'). (3-25c) 

We have now separated, as in 4), the first-class constraints from the second, the latter of 
which can be set to zero consistently with use of the Dirac bracket. With their non-trivial 
forms, it may appear difficult to quantize the theory. The authors of 4) found in = 10 
that one can redefine the independent fields so that the new ones satisfy simple free-field 
brackets. Here we show that we can do the same thing in the D — ADS theory. 

First, we define 

s = V2n+e\ s^V2n+§\ (3-26) 

Then S and S become independent free fermions: 

{S{a), S{a')}D* ^iS{a - a'), (3-27a) 

{X-{a),S{a')}D*^0, (3-27b) 

{X~{a),S{a')}D*^0. (3-27c) 

Similarly for the remaining fields, we can find field redefinitions that make all of them free 
fields: 

p/^ ^k^ - i{ea^e)' + i{ea^§y + i{ea4)' - i{ea%, (3-28a) 

+ 3{9^9^y9^^ + 29^\9^^9^^y - 2{9^^9^^)9'^^ + 2{9^9^)9'^^^ , (3-28c) 
pf =kf + (^_ix'+9^^ - 6(F%'^2)^Ai _ 2(^A2^A2)^/Ai^ ^ (3.28d) 

+ ^{e^e^yd^^ + 2e^''{e^^d^^y - 2{e^''e^^)e'^^ + 2{e^e^)d'^^^ , (3-28e) 

which satisfy 

{X^{a), P^(a')}D ^r^'"'5{a - a'), (3-29a) 

{e^%a),p${a')}n = - <5^^5^<5(<7 - a'), (3-29b) 

{^"^^(<7),p|(<7')}d = - 5^''515{a - a'y (3-29c) 
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with the remaining brackets vanishing. These redefinitions also yield a complete separa- 
tion'^) of the left and right sectors for the fundamental quantities, including the constraint 
generators. For instance, we have 

- 2i{ea^e') + 2i{e'a''e) - 2i{ea^'§') + 2i{e'a^'§) + Aiiea^e') - 4i{e'a^e), (3-30a) 

+ 2i{ea^'§') - 2i{e'a4) + 2i{§a^'§') - 2i{§'a^'§) - + U^'a^d) . (3-30b) 

Now let us rewrite the constraint generators in terms of these free fields. They become 

=di + iV2n+S, (3-31a) 



D2 + i\l -^nS + -^SS{P)', (3-31b) 



=di + iV2II+S, (3-31c) 



D2 + ^\j^ns - ^ss(e'y, (3-3id) 
1 ni^n 

T=-i^, (Mle) 

where da and da are the supercovariant spinor conjugates 

da^Pa- i{P'' + X''') {a^9)a + [(^V^^) - {9a''9')] {a^9)a, (3-32a) 
da =pa-i{P^ + X^') {9a ^)a + [{& a^9) - {9(7^9')] {9a ^) a- (3-32b) 

3.2. Quantization 

Since we have redefined all the fields as free fields, there is no difficulty in the quantization. 
We only need to replace the Dirac bracket by the quantum bracket as 

[^'^(cr), P''{a')] ^irj'"'S{a - a'), (3-33a) 

{p», 0''f'{a')} = - i5^^S^J{a - a'), (3-33b) 

{pt{a), 9^^{a')} = - t5^^6i6{a - a'), (3-33c) 

{S{a), S{a')} = -S{a- a'). (3-33d) 

These can be translated into the OPE relations in the Euchdean formulation with radial 
quantization. In order to obtain the standard normalization, we set T — \/2T:a' — 1 and 
make the replacement P'* + X^^' — > 2idX'^, Pa 2ipa, Pa '^iPa: S — > \/2iS and S — > 
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— ^/2iS, where d represents d/dz. The OPEs for the basic fields of the left (holomorphic) 
sector then become 

X^'{z)X^w) r^T]^" \og{z - w), (3-34a) 

p^{z)e^{w) ^, (3-34b) 

z — w 

P^{z)¥{w) (3-34c) 

z — w 

S{z)S{w) (3-34d) 

It is also convenient to change the normalizations as 

D^^^D^, D^^^D^, n^]-n, (3-35) 

and to rescale T so that T = -{l/2)n^'n^/ n+ . 

Using these rescaled free fields, we rewrite the constraints in such a manner that separates 
the non-covariant fermions S and S from the remaining covariant sector. Using the super- 
covariant current (12-71) . U'^ can be written as 

77+ =7r+, (3-36a) 

n- =71- + ^ {SdS - dSS) - 2«yj (^SOe^ + Oe^S^ , (3-36b) 

n =Tr + 2ix^Sd9\ (3-36c) 

V 7r+ 

n =7r + 2iJ^de^S. (3-36d) 

V 7r+ 

The constraint generators are then rewritten in terms of the free fields as 

Di =di - i\/2^S, (3-37a) 

D2=d2-t\^7rS - ^SSde^, (3-37b) 

V 7r+ 7r+ 

=di + iV2^S, (3-37c) 

r).=d. + tJ^7rS + ^SSd9\ (3-37d) 

V 7r+ 7r+ 

^ _ _ 1 ^ _ 1 sas 1 ass ^g^-, 

2 7r+ 2 7r+ 2 7r+ V 7r+^ ^ 



+ M/7Z^ (T^SdP + nde's) +4 ^^^^'f' , (3-37e) 



(7r+) = 
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where da and da are super-covariant currents f l2-5l) . 

The constraint algebras forms by the generators above are not closed in their present 
forms. However, these expressions are classical, although they have normal ordering am- 
biguities in general. What is particularly noteworthy in the D = 10 DS theory is that 
these ambiguities are used to modify the generators in such a way that their algebras be- 
come closed. A similar happens here: Including such "quantum corrections," the constraint 
generators become 

Di =Di, Di = Di, (3-38a) 

- — + 2^^. (3^380) 

^=^+7^-7^-5^^. (3'38d) 
and then they form a closed first-class algebra: 

D,{z)Di{w) (3-39) 
z — w 

with all others vanishing. Using these generators of the first-class constraints, one can 
straightforwardly construct the BRST charge according to the conventional procedure as 

Q= I ^ [l^Da + l^Da + cf - , (3-40) 

J zm V / 

where A" and A" are unconstrained bosonic spinor ghosts. Fermionic ghosts b and c satisfying 
b{z)c{w) ~ l/{z — w) are also introduced. This is exactly nilpotent quantum mechanically, 
due to the correction fl3-38p . 

As in the ten-dimensional case, we can construct the composite S-ghost 

B = b7r+ - UadO'' - (5<i(9r , (3-41) 

in terms of which the energy-momentum tensor can be expressed as 



{Q,Biz)}=Tiz) 



-TT^TT. - -d^ log 7r+ - -SdS + -dSS 
2^8^ 2 2 

dade"" - daOe^ - Uadl"" - (S^SA" - 69c, (342) 
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where the bosonic anti-ghosts Ua and oja are introduced as conjugates of A° and A" satisfying 

l^iz^UBiw) \^iz)Qniw) (343) 

z — w ' z — w 

This energy-momentum tensor has vanishing central charge, due to the second term involving 
logTT^. We can rescale the fermionic 6c-ghosts to obtain the conventional reparametrization 
ghosts with conformal dimensions 2 and —1 as 

e^Te-^ = - -nf'n^ + -d^ logn+ - -SOS + -OSS 

- d„(9^° - 4<9^" - ^ad~X" - O^dl'^ - dbc - 2bdc (3-44) 



by carrying out the similarity transformation generated by 

i? = - (/^6clog7r+. (3-45) 

J '^TCi 

3.3. Equivalence to the PS formalism in four dimensions 

Finally, we show that the cohomology of the BRST charge Q ( ]3-40p in the DS formalism 
is the same as that of the PS formalism (l2-4p . To begin with, we have to explicitly solve the 
four-dimensional pure-spinor constraint, which can also be written as 

A°A" = 0. (3-46) 

This has the solutions A" = and A° = 00 

As the first step to prove the equivalence, we show the decoupling of the fermionic ghost 
pair (6, c) and one of the two bosonic ghost pairs (A^,tt'2) and {X'^,lj2). We have to consider 
the two cases A^ 7^ and A^ 7^ separately. These correspond to the two branches of 
solutions of the pure-spinor constraint. The total Hilbert space is the union of these two 
cases. 

Let us first consider the case A^ 7^ corresponding to the branch A". In this case, we 
can consider the similarity transformation generated by 

1 f dz cD^ 

X = -- d) 3-47 

4 7 27rz A2 ' ^ ' 

which transforms the BRST charge Q into 

e^Qe-"" = 6b + Q'^^\ (3-48) 

*^ If A" is the complex conjugate of A", the pure-spinor constraint (j3-46[) has no non-trivial solution. 
This is a common difficulty in the PS formalism, and to avoid it we consider them to be independent fields 
in this section. 
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where 

S, = -4f (349) 

Q^^^=j^{XD^ + \%). (3-50) 

The general argument of homological perturbation theory*^ shows that the cohomology of 
Q coincides with that of Q*-^-* in the Hilbert space without 6, c, and decoupled as a 
quartet, due to 

We further carry out the second transformation, which consists of two successive simi- 
larity transformations. The first transformation is given by e^Q'-^-'e"^, with 



S ^L, S V^S, (3-52) 
V7r+ 



This yields the replacement 



which also implies a shift of the conformal weight of (5*, 5*) from (1/2,1/2) to (1,0). This 
transformation results in the decoupling of S, S, and lji as a quartet. Indeed, the BRST 
charge is transformed as 

Q(2) = e^g(^)e-^ = 5 + Q + d, (3-53) 

dz ( ,2 ^2^2 dn+de'' 
I — A — — -|- A — - — 

27ri \ 7r+ (vr" 

and the form of 5 indicates such a decoupling. Subsequently, the transformation 

e^Q(2)e-^ = (5 + g, (3-56) 

6 = V2il —VS, (3-57) 
J 27r2 

Q = y"^A"(i„, (3-58) 

with 



d=(P^{ -X'^ + X'^TZ^ + '^'d, - V2i\\+S - V2iX\S 1 , (3-55) 



d^S + ^^\, (3-59) 
2m \ v2 7r+ 



*' This is due to the fact that the cohomology of Si, must satisfy a part of the pure-spinor constraint 
(|3-46p A^A^ = 0. This yields A^ = 0, that is, the decouphng of A^, since we consider the case A^ 7^ 0. 
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completes the second transformation. Now the final BRST charge f l3-56p has the same form 
as the first transformation fl3-48p . The cohomology of Q*-^^ coincides with that of Q in the 
Hilbert space without 5, S, and ui decoupled as a quartet, due to 5. This BRST charge 
Q is identical to that of the four-dimensional PS superstring in the branch A" = 0. 

We can similarly consider the other branch, A^ 7^ 0. The first similarity transformation 
in this case is generated by 

x = —Air-^^ (3-60) 



4 / 2Txi A2 

which transforms the BRST charge as 



e^Qe"^ =(5fe + g«, (3-61) 
6, = -Afp,X'X% (3-62) 

g(i) = i|i(V5i + rB^). (3-63) 



2m 

Then A , 0^2, c and b are decoupled quartet. 
The second similarity transformation, given by 

Y=l i^SSlogn+, (3-64a) 
2 J 2m 

-^diS H ■ — , (3-64b) 

2m ' n+ J ' ^ ' 

leads to 

e^e^Q«e-^e-^ = (5 + g, (3-65) 
6 = -V2t { —X^S, (3-66) 

Q= (f — A"4, (3-67) 



2m 

and A^, Ui, S and S are decoupled as a quartet. The BRST charge Q is that of the four- 
dimensional PS superstring in the branch A" = 0. 

Thus the physical states are finally obtained as the union of the cohomologies of the BRST 
charges (13-581) and fl3-67p . They coincide with those of the four- dimensional PS superstring 
defined by the cohomology of the BRST charge with the constrained spinor fl2-4l) . 

§4. DS formalism in six dimensions 

Similarly to the previous section, in this section we consider the six-dimensional super- 
string in the DS formalism. 
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4.1. Lagrangian, symmetries and constraints 

The six-dimensional superstring in the DS formahsm is defined using superspace coordi- 
nates {x^.Of"^) and the additional fermionic field 6f°' {A = 1,2). Using these fundamental 
fields, the Lagrangian is given by £ = Ck + C,wz-i with 

1 



CK^-^-^gg'-'mn,,, (4-la) 

Cwz ^e'^'n^iW^b - W^b) - e'^'W^W^b, (4-lb) 

where 

2 2 
A=l A=l 

W^i" ^i{0^^CYdaOf), (4-3) 

0f =ef - ef. (4-4) 

This Lagrangian is invariant under the world-sheet reparametrization and the space-time 
Poincare transformation, where the space-time supersymmetry is defined by 

5ej ^ef, 6ef = 0, (4-5a) 

2 

5X''=^i(e^"^C7''^^). (4-5b) 

A=l 

In six dimensions, the local supersymmetry is given by 

5ef ^xf, Sef = xf, (4-6a) 

2 

5X^ =J2^{x'''CY0f), (4-6b) 

A=l 

which guarantees the equivalence to the conventional Green-Schwarz formalism. 
The canonical conjugate of is obtained as 

k^. = -y/^g'^'n^b + W^i - W^,. (4-7) 

By computing the canonical conjugates A;^^ and k^J^ of the fermionic fields and 9f^, we 
obtain the primary constraints 

Di"" - iP'{C^,e'% - i{P' + + W^^')){C^,e'X «^ O, (4-8a) 

Di"" + iP^{C^,e'^)^ + i{P>^ + 77^(i7r + wf)){C^,e'% ^ 0, (4-8b) 
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where t]i = —r]2 = 1 and A' = 2(1) for A = 1(2). We also define the generators = 

j^IA ^ f)IA 

a ' a 

Using the same ADM decomposition of the world-sheet metric as in the four-dimensional 
case fl3-9l) . we can obtain the Hamiltonian as 



N 



To + N'Ti + J2 ^fD^^ + 9fD^^. (4-9) 



^ A A 



Here, the energy-momentum tensors are given by 

1,„ 1 



with 



T+=-(To + Ti) = -i7^i7^, (4-lOa) 
T^=^{To-T,) = ^n^n^, (4-lOb) 



=P + X'" - ^ iiO^^C-f^'efy - 2W[, (4-lla) 

=A;^ - X'^ + ^ i{e^^CYOfy + 21^1''. (4-llb) 

A 

Then we can set the canonical Poisson brackets as 

{X^{a), P'-ia'^p =r^^''5{a - a'), (4-12a) 

{ef-{aUi^{a')}p = - 6^^6^6",6{a - a'), (4.12b) 

(a')}p = - 6^^6i6$6{a - a'). (4-12c) 

Using these canonical Poisson brackets, we can calculate the constraint algebra of the 
fermionic generators (Z^^, D^) as 

{Diia), Di{cr')}p = - 2ie'\C^,Un>^{a)5{a - a'), (4-13) 

with all others vanishing. 

The total energy-momentum tensor is now given by 

T = T+ + 1+ = \n^n, + e"'jDi, (4-i4) 



19 



which forms the Virasoro algebra: 

{T+(a), T+K)}p = 2T^ia)5'{a - a') + T'{a)5{<y - a'). (4-15) 

We can decompose the constraint ^ into the second-class constraint ^ and 
the first-class constraint Ki ^ as 



Ki = Di+^-^D^'. (4-16) 



These satisfy 



{Di{a),D^{a')}p = -2ie'-'eabn+{a)S{a - a'), (4-17a) 

{Ki{a), K({a')}p = -8^e'-^e.^(T + /C)(a)5'(a - a') + D-terms, (4-17b) 

where {e]/[ )ab = {(-li)abn\ T = and fC = — fjT^- The Z)-terms in (I4-I7bl) can be set 
equal to zero after taking the Dirac bracket. 

By choosing the semi-light-cone gauge ^ for the first-class constraint, we finally 
have three second-class constraints: 

Di^O, Kl^O, et^O. (4-18) 
The Dirac bracket for these second-class constraints is defined by 
{A{a),B{a')}n ={A{a), B{cr')}p 

+ J da,{A{a),Di{a,)}p'^{a,){Di{a,),B{a')}p 

+ J da,{A{^),Ki{a,)}pma,),B{a')}p 
+ J da,{A{a),e^ia,)}p{Kiia,),Bia')}p 

-8zJ dar{A{a), ^~?(ai)}pe"e,,T(ai){^~^(ai), B{a')}p. (4-19) 

In this semi-light cone gauge, the independent fields are {X^, Pfj^,9f,pl^,9j), which on the 
constraint plane 6'} ^ satisfy, for example, 

{encr),e'Aa')}o = -^i^cr-a'), (4.20a) 

{X-ia),e'}{a')}r, = -^encr)6{a-a'), (4.20b) 

{X-{a),p-{a')}n = jj^e]ei{cr)6'{cr - a'), (4.20c) 
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{X-{a),P\a')}n = -jp^~9n^f)j'\<y)5'{a - a'), (4-20d) 
ma), P-{a')}n = -^Ona)S'{a - a'), (4-20e) 
ma), na')}n = ^{iTSma - a'). (4-20f) 

We can again redefine the fields so that the new ones become free. We first redefine the 
non-covariant fermionic field as 

s'} = V2iFe'i. (4-21) 

Then 5*" satisfies the free relations 

[S'iia), S){a')}D = - ieije''''5{a - a'), (4-22a) 
{X-(a),5?(a')}i?=0. (4-22b) 

Similarly, we can obtain the free fields through the redefinitions 

p/^ ^k^" - iie^Cj^eK)' + ii^^C^eK)', (4-23a) 

pi^ =e + {-^x'^ei^ - Aef^ere'/ + 2ei^{e^^^e^^y + 2{ei^e^^^ye^^) , (4.23b) 

^ki^ + r]^(i{eJ^')J''^^ - 2^f ^^^^ - 2e^X^^K'' - ^O'l^O^^df 

- 60^^0'J^0'j^ - 20i^0^^0'^^ + A0^^0'/0'^^ - 2{0^^'0^J0'''^'^ . (4-23c) 

These redefined fields satisfy 

P''{a')}D =v^''6{a - a'), (4-24a) 
{0f"ia),p^'ia')}n = - - a'), (4-24b) 

with the remaining brackets vanishing. 
4.2. Quantization 

The quantization is obtained by replacing the Dirac bracket with the (anti-)commutation 
relations, which can be rewritten in the form of the operator product expansion in the 
conventional radial quantization, after the appropriate field rescalings: 

X^'{z)X''{w) ^ri"" \og{z - w), (4-25a) 
pi{z)0%w) (4-25b) 

S^{z)S^j{w) ~ - (4-25c) 
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The constraint generators are classically given by 



Di =d[ + V2^Sl (4-26a) 

V TT^ TT^ 

=4 - V^('V)<i*S'' - -L(£7,),,s"S*-'(e7.),^94, (4-26b) 

2 7r+ 2 7r+ V 7r+ 

"V^ — — ' — — ' ^ 

where the super-covariant currents (i^ and ti^ are defined by (I2-15I) . Including "quantum" 
corrections, as we have done in D = 4, they becomcl 

Di =Dl (4.27a) 



and satisfy 



(^) ~ - ^±Js£^^ (4.28a) 

rest ~0. (4-28b) 

The BRST charge is straitforwardly constructed from this constraint algebra as 

Q = / ^ (a?5^ + cT - 2AiA?6) , (4-29) 

with the unconstrained bosonic ghost A" and the fermionic ghost pair h and c with h{z)c{w) ~ 
l/{z — w). This BRST charge fl4-29p is exactly nilpotent. 
We can define the composite 5-field as 

B = hTi+ - uidd'^, (4-30) 



*' We should note that, in contrast to the D = A case, the extra terms in Eqs. (j4-27bp and (|4-27cl) cannot 
be regarded as coining solely from the normal ordering ambiguities; the origin of these terms is unclear. In 
any case, however, the addition of these terms closes the algebra and leads to a consistent theory, as we show 
below. 
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where is the conjugate bosonic anti-ghost satisfying 



~XnzH{w) ~ (4-31) 
Then, the energy-momentum tensor can be obtained as 

{Q,Biz)}=Tiz), 

T = - ivr^TT^ - log 7r+ - ]^SidS^, - didO'} - uidX'} - bdc. (4-32) 

This energy-momentum tensor has vanishing central charge, and the similarity transforma- 
tion defined by 

/dz 
6clog7r+ (4-33) 
2m 

yields the conventional one with the reparametrization ghosts 



e^Te-^ = - ^TT^TT^ + ^d^ log 7r+ - ^SidS'} - didO'^ - uidX^ - dhc - 2bdc. (4-34) 



4.3. Equivalence to the PS formalism in six dimensions 

Before showing coincidence of the physical spectra of the DS and PS formalisms, we have 
to explicitly solve the pure-spinor constraint in six dimensions. The pure-spinor constraint 
in six dimensions can be written 

XnCinaf^X^2 = 0, (4-35) 



a *)\ 

1 1—1 



Because 



where = -^7=1 2- This equation can be satisfied if is proportional to X^ 
the proportionality constant is arbitrary, the number of independent degrees of freedom of 
a pure spinor A" becomes 8 — 3 = 5. Equation f l4-35l) can be explicitly solved by using the 
light-cone decomposition as follows. Let us first consider a component of (l4-35p . 

A1C7+A2 = Ai<iA^ = 0. (4-36) 

If we introduce the spinor dual to A^ as Xial"" = 1, the arbitrary spinor can be expanded in 
Xi and as 

A^ = aX^ + ar, (4-37) 

where the expansion coefficients are 

a = X2al\ « = -X^aXi (4-38) 



*^ As in the four-dimensional case, we consider A" and A2 to be two independent Weyl spinors, which 
are actually complex conjugates, due to the S'?7(2)-Majorana constraint (jA-21bp . 
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Because the constraint f l4-36l) leads to a = 0, we have 

= a\\ (4-39) 

for the pure spinor. The next constraint, 

=\l{efU{\\ - aX\) = 0, (4-40) 

is satisfied by 

A^ = «A?, (4-41) 

with which the final constraint, AiC7^A2 = 0, is automatically satisfied. In summary, we 
can satisfy the pure-spinor constraint with Ag = aA", where a = \2(J-"' with Xial"' = 1- 

Now we can show that the cohomology of the BRST charge Q (14-291) of the DS formalism 
coincides with that of the PS formalism (12- 131) . Using the first similarity transformation 
generated by 

the BRST charge becomes 

e^Qe-^ = 5b + Q(i), (4-43) 

/dz 
—456, (4-44) 

Q^'^ = j ^f^iD] + KiDl + aDDl (4-45) 

where a = \2al"' and a = — A2aA". Then a, /?, c and b are decoupled as a quartet, where /3 is 
the conjugate of a which can, in principle, be constructed from u. 
The second similarity transformations, generated by 

r = -i/|^SiS="log,r+, (4.46a) 



give 



e^'e^^e^Q(^)e-^e-^^e-^' = 6 + Q, (4-47) 
6 = f^^V2m-aX1)Sl (4-48) 

Q = / ^ (a?(4 + c^dl) + A?(4 + adl)) . (4-49) 
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Then (A2 — «A"), (cj^ — aul), are decoupled quartet. The final form of Q 

(14-491) can be written as 

Q = f ^AX, (4-50) 
with the constraint = cn^ia, which is the BRST charge of the PS formalism (12- 131) . 

§5. Coupling to the Calabi-Yau sector 

In the conventional formulations, a lower-dimensional superstring is not consistent by 
itself but must be combined with additional degrees of freedom which come from the com- 
pactified space. Here, since we assume the lower- dimensional supersymmetry, it is known 
that such degrees of freedom are represented by some unitary representations of = 2 su- 
perconformal field theory, which we describe by using the generators (Tc, G^, Jc) satisfying 



^ ( ( ^ c/2 , 2Tc{w) , dTcjw) 

Tc{z)Tc{w) ~- + + , 5-la 

[z — wj^ [z — wY z — w 

Tc[z)G^{w) ~f -r + ^ , Tc[z)Jc[w) ~ + , 5-lb 

[z — wY z — w [z — wY z — w 

r+( \r-( \ c/3 , Jc{w) , Tc{w) + \dJc{w) 

' ' [z-wf {z-wY z-w ^ ^ 



Jc{z)G${w) ~ ± Jc{z)Jc{w) ~ , ' (5-ld) 
z — w [z — wY 

where c = 9 for d = 4 and c = 6 for d = 6. We call this the Calabi-Yau (CY) sector. 

In order to combine the lower-dimensional superstring with this CY sector, the hidden 
topological N = 2 superconformal symmetry^^"^^^ generated by 

G+ = Jbrst = A°5„ + A"Ba + cf - 4A2p6, (5-2a) 

G- =B = b7i+ - cD„(9e" - 0)^86'^, (5-2b) 

T = - -Ti^'Ti. - -dHog7T+ - -SdS + -dSS 
2^8 2 2 

- d^de'' - d^Or - Cj^d~X' - ^^dl^ - bdc, (5-2c) 

J =bc - ~X"Coa - A"(5a, (5-2d) 



for d = 4, and 



= Jbrst = XJDi + cT - 2~Xi~X% (5-3a) 
G- =B = b7i+ - Coide'}, (5-3b) 
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T = - ^TT^TT^ - log 7r+ - ]^SidS''i - diddj - Coid~Xi - bdc, (5-3c) 
J =bc - ~X'}ui, (5-3d) 

for d = 6, play an important role. We can couple this topological superconformal algebra 
(SCA) with the N = 2 SCA in the CY sector by twisting it so as to obtain the topological 
SCA. This is consistent with the fact that the central charge of the lower-dimensional super- 
string is already zero, as explained above. The energy-momentum tensor in the CY sector 
must also have vanishing central charge. The BRST charge of the coupled system is then 
given by 

= / ^ + G^;) . (5-4) 

After applying the same similarity transformations as in the case without the CY sector, 
the cohomology is equivalent to that of the PS formalism coupled to the topological string 
in the Calabi-Yau space with the BRST charge 

/dz 
TT-.Gt (5-5) 

where Qps is given by f l2-4p or (12- 131) . The four-dimensional case is treated in 12). 

Another way to couple the lower-dimensional superstring to the CY sector is by extending 
our constraint generators to those forming the same algebra but including the generators of 
N = 2 SCA in the CY sector. This is possible in the d = 4 case if we choose 

Di =Di, Bi = Di, (5-6a) 
V7r+ 7r+ 7r+ [t^ ) 



=D. + - 2-^ - 4-^ + 2^-^, (5.6c) 

^ Tc de^d^e^ d^e^de^ i92iog7r+ , 

T =T + ^ + 4^—^ - 4^—^ - 5-6d 

7r+ [n^Y [TX^Y 2 7r+ 



The energy-momentum tensor then becomes 

{Q,B{z)}=T{z), 

T = - ivr^'TT. - -d^ log 7r+ - -SdS + -dSS 
2^2 2 2 

- dade"" - dade^ - uj^dX" - UadX" + Tc- bdc. (5-7) 

It should be noted that the coefficient of the log 7r+ term is modified such that the total central 
charge vanishes. From this form of the energy-momentum tensor, the lower-dimensional 
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superstring seems to be coupled with the CY sector without twisting. However, if we modify 
the similarity transformation as Y Y + Yc with 

Yc = -i—Jc\og[^\ (5-8a) 



oi Y ^Y + Yc with 



yc= ^^Jc\og(^\, (5-8b) 



2m 



'7T~ 



the total BRST charge becomes 



Q'"' = Q+i 7^G+, (5-9a) 

J 2711 

with the BRST charge Q fl3-58l) . for the branch A" = and 

g*°* = g+ /I^G-, (5-9b) 

J 27rt 

with the BRST charge Q (13 -6 71) . for the branch A" = 0. The energy- momentum tensor in 
the CY sector is again twisted as Tc + \dJc (Tc — \dJc) for the branch A" = (A" = 0). 
The cohomology of these BRST charges (l5-9al) and (]5-9bp are also essentially equivalent to 
that of the topological charge fl5-5l) ]*^ 



§6. Discussion 

In this paper we have investigated the lower-dimensional, d = A and c? = 6, superstrings 
using the DS formalism and shown that they are equivalent to the lower-dimensional PS 
superstrings. The unexpected off-shell nature of the physical spectrum can be interpreted 
as a manifestation of noncriticality in the PS formalism. 

Because the lower- dimensional PS superstring has no Lorentz anomaly, the symmetry is 
also realized in the DS formalism, at least in the physical Hilbert space. However, a direct 
study of Lorentz anomalies in the DS formalism is still worth carrying out, as we have taken 
the semi-light cone gauge to quantize it. In fact, we have found that the physical Lorentz 
generator M*~, which is non-trivial in the semi-light cone gauge, does not commute 
with the BRST charge in lower dimensions. This result will be reported in a forthcoming 
paper. 



*^ The constraint algebra of the six-dimensional case can also be extended if we impose the A'' = 4 
superconformal symmetry on the CY sector. However, it seems there is no similarity transformation to 
relate it to the PS formalism coupled with the CY sector. 
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It seems peculiar that the off-shell vector multiplet is included in the physical spectrum, 
since the DS superstring is classically equivalent with the GS supcrstring. However, this does 
not result in a fatal contradiction, since the lower-dimensional GS superstring is not well- 
defined, due to the global Lorentz anomaly. In addition, the massless spectrum of the GS 
superstring in the light-cone gauge involves only half of the vector multiplet, which has only 
positive or negative helicities; there is yet no principle that allows us to use two multiplets 
with both positive and negative helicities simultaneously. In any case, it is still mysterious 
why the off-shell states appear as physical states, since in the initial stage we have the 
Virasoro constraint, which comes from the world-sheet reparametrization invariance. This 
should be clarified in a future investigation. 

It would be interesting to consider how to couple the lower-dimensional DS supcrstring 
with the compactified space degrees of freedom. We have proposed two ways to combine 
the two sectors, although they are not completely successful. It would also be interesting to 
study the relation to the hybrid formalism, and this may provide some information about 
how to make the lower- dimensional superstring consistent. It may also be possible for lower- 
dimensional superstrings to provide a framework to construct some off-shell superstring 
which is different from the strings in the conventional string theory. It would be 

interesting to explore such a possibility. 
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Appendix A 

Notation and Conventions 

In this appendix we present our notation and conventions. We use the metric rj^^ — 
diag(-|-l, —1, • • • , —1). The fight-cone coordinate — {x"^, x^) (i = 1, • • • , d — 2) is defined 
by x^ — x'^ ± x^~^. The gamma matrices satisfy 

{r^,r''} ^2r}^''. (A-1) 

We use the two- (four-) component spinor notation for d — 4 {d — 6) , employing the following 
explicit representations of the gamma matrices. 
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A.l. d = 4 

We use the two-component notation for the gamma matrices 
where a, (3, a, (3 = 1,2 and 

= (^.r'' = (l,-o-). (A-3) 

Here, <T = ((Ti, (T2, 0"3) represents the Pauh matrices. These arc related as (cr^)"" = e"^e"^((7'')^^, 
where the two-dimensional antisymmetric two-spinor is defined by e°'^ = Sa/s = e"^ = e^^ = 
i(j2. The useful Fierz identities are given by 

The indices of the two-component spinors are raised and lowered as 

r =e"^e^, ^e^ep^, (A-5a) 

r ^6''%, h =^^e^. . (A-5b) 

In this notation, a Majorana spinor is represented by the pair of complex conjugate Weyl 
spinors (^")* = 9". 

A.2. d = 6 

The four-component notation in six dimensions is that employing the representation of 
8x8 gamma matrices 

where 

7m = (to, 75), 7m = (70, -7i, -75) = 1, • • • , 4) (A-7) 

are 4x4 matrices whose forms we choose as follows: 

70 =1 1 = , 7i =0-2 (7i = I 

yo 1 / W(Ti 

(0 — icr2\ / — icTs 

73 =(^2 ® 0-3 = 
^(72 y yz(73 

74=(Tl®l2=r M, 75=f^3^l2=r _°J. (A-8) 
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The charge conjugation matrix satisfying 



=C 



is given in this representation by 



C =r'^r^r^ = ia2 ® I2 ® ia2, 






with 



C =l2 ® ia2, 

ia2 
ia2^ 



-C 



T 



From (lA-9p . and 7^^ satisfy 

(7^^)^ = cYC-\ i^^f = c^^c-\ 

Using this charge conjugation matrix, it is natural to consider the combinations 



~ic%r^, 




All of these 4x4 matrices are anti-symmetric, i.e. 

and are related as 

An important Fierz identity is given by 
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which can be rewritten using Eq. ( ]A-17I) as 

{Ci.UiC^U = 2e^p,s, {l,C-^T\rC-^V' = 2e"^^', (A-19) 

or equivalent ly 

{c^.Upicrus = 0, {%c-'r^%rc~'y^' = o. (a-2o) 

The S't/(2)-Majorana-Weyl (MW) spinor 0+/ (/ = 1,2) satisfies the conditions 

rrO+j = e+j, (A-21a) 
el = e^-^eljC, (A-21b) 

where e^"' is the SU{2) anti-symmetric tensor defined by e^^ = tu = 1, which is used to raise 
or lower the index / using the same rule as in the case of the four- dimensional spinor flA-Sp . 
This SU{2) MW spinor can be written in the four-component notation as 

O+i = (^^J j , {9?y = e'\e^jCf. (A-22) 
We can further decompose it with the light-cone decomposition 

^?=(^^lj, (a, a = 1,2) (A.23) 

where a and a are the spinor indices of the transverse rotation 5*0(4) ~ SU{2) x SU{2). 
The SU (2) MW condition is now simply given by 

{OiY =e''e'je,a ^ ei, (A-24a) 

[e^y =e''e'je,, ^ el (A.24b) 

From the representation (1A-8|) . the transverse components of the gamma matrices can 
also be decomposed using the 2x2 matrices % defined by 

^i = tai (z = 1,2,3), 74 = 12- (A-25) 

It is also useful to define 7, as 

^i = -iai (2 = 1,2,3), 74 = 12- (A-26) 

These two 2x2 matrices are related as 

(e7i)d6 = -{e^i)bd, (A-27) 

where e = ia2- 

The two quantities ^ and ^ constitute a representation of the quaternion and its 
conjugate, and they satisfy the relation 

]/[^= Ill$= Wn\ (A-28) 
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